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Abstract-The heat exchange between impacting spherical particles or a particle and a surface is analyzed. 
The purpose of the study is to obtain a quantitative understanding of the direct conductive contribution 
of heat transfer between particles and surfaces in suspension flows and fluidized beds. The mechanism 
under investigation is the conduction through the time varying contact area during impact. It is shown 
that the impact Fourier number based on the maxims contact area radius and the contact duration is 
inversely proportional to the particle Peclet number and independent of mechanical properties. For small 
Fourier numbers, an analytical solution is presented. For large Fourier numbers, the solution is obtained 

numerically and presented in terms of a correction factor which is used with the analytical results. 

1. INTRODUCTION 

WHEN MOVING particles impact on a stationary surface 
or two particles impact each other, heat conduction 
occurs through the contact area of the particles. This 
effect constitutes one of the components of heat trans- 
fer in multiphase flows. 

In attempts to formulate models for overall heat 
transfer in multiphase flow systems, many authors 
have discussed this conduction effect. Usually it is 
believed that its contribution is very small due to the 
small contact area and short impact duration [l, 21. 
However, a recent model [3] states that the conduction 
effect will become predominant as particles become 
small, though the analysis invoked heuristic mech- 
anisms which are less amenable to precise analysis. 
The purpose of this paper is to provide quantitative 
calculations of the heat transfer due to particle impact 
so its role in multiphase heat transfer can be properly 
evaluated. 

The study of this problem was pioneered by Soo in 
1967 [4]. He used the theory of elasticity to evaluate 
the area and duration of contact between the particles. 
However, he carried out only a semi-quantitative 
analysis. In choosing to use the particle diameter as 
the scale for conduction, the analysis may also have 
underestimated the heat exchange when (at)“’ is 
small relative to d. 

The present analysis can be considered a quan- 
titative evaluation of the basic concepts put forth orig- 
inally by Soo 141, employing both numerical and ana- 
lytical solutions of the heat conduction equation with 
time-dependent boundary conditions. Results can be 
used for particles of various materials with different 
impact velocities. 

v=vl+vz 

RL>>R,, R,>>R, 

FIG. 1. Impact and deformation of two spherical particles. 

2. ELASTIC COLLISION OF TWO SPHERES 

When impact stresses of particles are below the yield 
limits of the materials, the impact can be considered 
elastic. The solution of elastic collision of two spheres 
was given by Hertz and Rayleigh [5]. When spheres 
of radii R, and R2, elastic moduli Et and E,, Poisson 
ratios v, and vz, masses m, and m,, impact with a 
normal relative velocity v as shown in Fig. 1, the 
boundary of the contact area A is a circle. The rate of 
the area change for the compression process is [5] 
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NOMENCLATURE 

A contact area r, maximum contact radius 

A maximum contact area R, contact radius at time t 
A* non-dimensional area, A/A, R,>R2 particle radii 
C correction factor t time 
e total heat transferred during each t, contact duration 

impact 11, local contact duration 
E equivalent elastic modulus T,, 2-2 temperatures 

e0 asymptotic one-dimensional heat To,, TDZ initial temperatures 
transferred during each impact V normal impact velocity 

E,,& elastic moduli Z longitudinal coordinate with the 

h, heat transfer coefficient due to particle origin at the center of the contact 
impact based on entire surface area area. 

k,,k2 thermal conductivities 
m equivalent mass 

mirmz masses of particles Greek symbols 
N particle number density cfI,c(2 thermal diffusivities 
?i number flux of particles VI$VZ Poisson ratios 

4w heat Bux across contact area PbP2 densities 
r radial coordinate non-dimensional time 
R equivalent radius volume fraction of particles. 

and 

mlm2 
m, fm,’ 

The decompression process is exactly the inverse of 
the compression process. The maximum contact area 
A, and its radius rc are found by setting the derivative 
to zero 

The dependence of contact area A as a function of 
time can best be seen with the following dimensionless 
variables : 

T 

FIG. 2. Change of contact area with time 

(61 Note that the maximum contact area increases with t’ 
whereas the impact duration decreases with v. When 
the impact velocity is zero, the contact area becomes 

(7) zero but the impact duration tends to infinity. 

where r and r, are radii of A and A,, respectively. 
Equation (1) can then be integrated for the com- 
pression phase to yield 

dx 
Z= (1 _x5/2)1i2' 

This is shown as the solid line in Fig. 2, with t = 1.47 
at A* = 1. Since the disengagement phase is identical 
to the compression phase, it follows a path sym- 
metrical to the compression phase around r = 1.47, 
shown as the dashed line in Fig. 2. The total contact 
duration is then found to be 

(Ru)- “5. 

3. HEAT TRANSFER ANALYSIS 

The elastic theory requires that the deformations 
of the spheres are small. For elastic impact of solid 
spheres, the contact area A, is usually very small com- 
pared with the cross-sections of the spheres which 
implies that the curvatures of the surfaces adjacent to 
the contact area are very small relative to the contact 
area radius. The time duration of the impact is also 
very short. Therefore, the temperature change of the 
particles is confined in a small region around the con- 
tact area. The heat conduction between the two par- 
ticles can then be treated as two semi-infinite media. 
Within the contact area, perfect thermal contact is 
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&-tact Surfoce 

FIG. 3. Top: expected geometry and isotherms during 
impact. Note that the included angle of the air gap has been 
exaggerated. Bottom : assumed model based on flat, plane 

boundaries and associated boundary conditions. 

assumed, that is, there is no thermal resistance 
between the contact surfaces. Therefore, the tem- 
perature and heat flux are continued across the con- 
tact area. The surfaces outside the contact area are 
assumed to be flat and insulated. With these assump- 
tions as illustrated in Fig. 3, the problem is governed 
by two axisymmetric heat conduction equations with 
appropriate boundary and initial conditions 

I ar. 1 a aTi ( > a2T- --_=-_ p- +----I-. 
@i at rar ar a22 * 

i= I,2 (10) 

T, = T,, k, z.= --k2z for r < R,(t) 

aT, aT2 
-----=O 
aZ aZ for r > R,(r) 

atz=O (11) 

T, = To, as z+cc (12) 

7-2 = To2 as z--t ---co (13) 

Ti = T,,, and T2 = T,, as r -+ co (14) 

aTI _ = Ca; = 0 

ar 
at y = 0 (15) 

T, = T,, and T, = To2 at t = 0 (16) 

where z is in the direction perpendicular to the contact 
area; k, and k,, IX, and CY~ are the thermal con- 
ductivities and ~ffusivities of the two media, respec- 
tively ; R,(t) is the radius of the contact area at time 
t ; T,, and T,, are the initial temperatures of the two 
media. 

There is no general analytical solution for this prob- 
lem, so a numerical approach has to be invoked. The 
numerical solution will be given later. 

3.2. Asymptotic result for small Fourier numbers 
First a simple asymptotic case is considered. When 

the contact duration t, is very small, the heat con- 
duction in the two media will not penetrate too deeply 
from the surfaces. This suggests that one-dimensional 
heat transfer between the two media may be a good 
approximation for this situation. This case can be 
characterized when the Fourier numbers, based on 
the total impact duration t, and the maximum contact 
radius r,, DL, t&,’ and cr&r~ are very small compared 
to unity (numerical computation will show that only 
one small Fourier number is sufficient). In this situ- 
ation, the governing equation is simplified as 

‘.d7;=?3 
5Li at aZ 2; i=1,2 (17) 

with boundary and initial conditions (1 l)-( 13) and 

(16). 
For constant properties, the solution of equation 

(17) with the matched temperature and heat flux con- 
ditions at the interface leads to a constant interface 
temperature with the well-known error function solu- 
tion [7] on each side. The value of the interface tem- 
perature can be determined algebraically by requiring 
the error function solution to satisfy the continuous 
temperature and heat flux conditions. This results in 
the interface heat flux 

(To2-To,)(~t)-“2 _._.~ qw = (p,c,k,)-“*+(p2c2k2)-“* 
(18) 

where p, and p2, c, and c2 are the densities, specific 
heats of media 1 and 2, respectively. Here t is measured 
from the moment of initial contact, which is a function 
of r. The total energy exchange per unit contact area 
is thus a function of the local duration of contact, 
which is also a function of r. Hence the total energy 
exchange per impact is 

‘C 

ss 

$,(r) 
e = 2n q,dtrdr 09) 

0 0 

where the local contact duration t,,(r) can be com- 
puted from 

t,,(r) = t,-2t(r) (20) 

with t(r) determined from equations (6)-(8) or Fig. 2. 
Integration (19) is readily performed numerically, it 
gives 

0.87(T,, - T,,)A,t,“* .-__ 
e” = (p,c,k,)-“2+(p2c2k2)-“2 (21) 

where subscript 0 for e indicates that it is for Fourier 
numbers approaching 0. 

3.3. Numericai results for the general case 
The above solution of the total heat exchange is 

derived from the heat conduction only in the direction 
of z. When heat conduction in the r-direction is 
included, we would expect that more heat will be 
transferred between the media. To account for this, a 
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FIG. 4(a). Variations of temperature at the center of the 
contact area with time. 
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FIG. 4(b). Variations of heat flux at the center of the contact 
area with time. 

correction factor C is multiplied to the simple 
solution. The total heat exchange then becomes 

e = Ce, (22) 

where e, is calculated from equation (21). The factor 
C can be evaluated by numerical computation. 

The heat conduction equation, equation (lo), is 
solved by using the finite difference approach. The 
domain of interest is discretized by a mesh number 
between 20 and 50 in the r-direction with the 
maximum contact radius Y, at the tenth grid point, 
and a mesh number of 2&50 in the z-direction in each 
medium with different mesh sizes as that in the r- 

direction. The mesh numbers and sizes are adjusted 
to make sure that the heat exchange is within the 
domain of computation during the course of impact. 
The time step size was usually chosen to be one eigh- 
tieth of the total impact duration in order to make 
converged solutions. Because the radius of the contact 
area changes with time, discontinuity exists in the 
boundary conditions between each time step. To 
minimize its influence, an alternative direction itera- 
tion scheme is used (with over-relaxation) to solve 
those finite difference equations. 

For most of the solid materials, the parameter 
p,c,/p,c, varies from about 0.1 to 10, and the par- 
ameter k,/k, varies from about 0.001 to 1. Therefore, 
computations were performed within those ranges. 
The Fourier number c(, t,/r,2 can be considered as a 
measure of the impact process. The larger values of 
this parameter represent small impact velocities. 

Typical temperature and heat flux variations at the 

FIG. 5(a). Relations of the correction factor with the Fourier 
number for k,/kz = 0.001. 

all,/r,2 

FIG. S(b). Relations of the correction factor with the Fourier 
number for kl/k2 = 1. 

center of the contact area are plotted in Figs. 4(a) 
and (b) together with the solutions from the one- 

dimensional conduction equation. For large values 
of the Fourier number, present solutions give higher 
surface temperature and heat flux compared with the 
simple solutions. These are the expected phenomena 
since more heat is transferred from the radial direc- 
tion. As t(, t,/rz decreases, the surface temperature and 
heat flux tend to the simple solutions. As the Fourier 
number increases, the heat flux increases with time 
in the disengagement process because the change of 
contact area is so slow that radial heat conduction 
becomes significant. 

The solutions for the correction factor Care plotted 
in Figs. 5(a) and (b) for two values of k,/k,. Each plot 
gives the variations of C with c(, t,/rz for different 
p ,c,/pZc2 values. Here, the Fourier number a, t,/r: can 
be considered as a measure of the degree of the two- 
dimensional heat conduction effect. When cr,t,/rz is 
small, the heat conduction in the axial direction is 
predominant. As t( ,t,/r: increases, the heat con- 
duction in the radial direction becomes significant in 
the total heat conduction process. 

4. DISCUSSIONS 

4.1. Physical interpretations and material properties 
Equations (18) and (21) suggest that of the two 

materials, the one with the lower value of pck tends 
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to govern the total heat exchange. Using subscript 1 
to refer to this material, equation (21) can be recast 
into a form with a clearer physical interpretation 

e, = 
0.87(T,,--~,,)p,c,A,(a,t,)“’ 

l+(~,c,~,lW&)“2 . 
(23) 

Note that A,(cc , t,) ‘j2 is a measure of the heated (or 
cooled) volume of the low pck material, with (a ,t,) ‘I2 
representing the thickness of the heat affected zone. 
Since the interface temperature is very close to the 
initial temperature of the high pck material, the tem- 
perature difference in the low pck material is very close 
to the initial temperature difference To2- T,,. The 
denominator represents a correction factor for the 
temperature difference, whereas the coefficient 0.87 
quantitatively accounts for the details of the complex 
process with time-dependent interface area and heat 
conduction. 

It is also useful to recognize that for most non- 
porous materials, pc tends to fall within very narrow 
limits, typically in the range l-3 MJ mm3 K- ‘. There- 
fore, p,c,k,/p,c,k, tends to be of the same magnitude 
as k,/k, and tl,/t12. In other words, the material with 
the lower pck tends also to have the lower Fourier 
number at&z. This suggests that the one-dimensional 
results of Section 3.2, represented by equations (21) 
and (23) are likely to be quite accurate if only cr,t,/ 
r,’ is small, instead of both tl, t,/rz and cc,t,/rz being 
small. For this reason, the correction factors in Figs. 

5(a) and (b) are presented as functions a,&/$, for 
different parameters k,/k2 and p,c,/pIc2. The plot 
suggests that for all cases when p ,c,k, are not of the 
same order as p2c2kZ, only c(, t,/rz is significant and 
that the error associated with the one-dimensional 
solution is only a significant function of u , t&,2. 

4.2. The heat transfer coefficient for particle/surface 
impact 

In solid suspensions and fluidized beds, heat trans- 
fer is the result of the impact of many particles, and 
the average rate of heat transfer can be expressed in 
terms of a heat transfer coefficient h, 

h, = rie 
0.87Ctip,c,A,(cr,t,)“2 

To,-To, = I+(p,c,k,lp,c,k~)“~ 
(24) 

where ti is the rate of particle surface impact per unit 
area. ii can be evaluated as the particle number density 
times the impact velocity. 

4.3. Relationship between mechanical and thermal 
parameters 

An interesting relationship between the Fourier 
number and the Peclet number can be found by sub- 
stituting equations (5) and (9) into the definition of 
the Fourier number 

a: I tc 
2 = 2.94Pe; ’ 
rC 

(25) 

where 

is the Peclet number based on the impact velocity and 
the equivalent radius. Note that mechanical properties 
have no direct or indirect influence on the Peclet num- 
ber. This is an extremely interesting result in that it 
provides an easy-to-use criteria for the adequacy of 
the one-dimensional conduction theory. For common 
non-metallic solids, c( is of the order of lo- ’ m2 SC’. 
Referring to Figs. 5(a) and (b) it is seen that the one- 
dimensional conduction theory would be satisfactory 
if Rv > lo- 5 m2 SC’. For particles of the order of 1 
mm in diameter, this requires an impact velocity 
greater than 1 cm SC’, a condition usually satisfied in 
typical conditions. 

Similarly, substituting equations (5) and (9) into 
equation (21) leads directly to an evaluation of the 
energy exchange 

5.36(m/E)‘~5(Ru)7~‘0(T,2- T,,) 

e” = (p,c,k,)m”2+(p2c2k2)-“2 ’ (27) 

The calculation of e for non-zero Fourier numbers 
can be done from equation (22) as before. 

Equation (27) indicates that the energy exchange 
per impact increases with particle mass, radius, and 
velocity and decreases with E. It should be noted, 
however, that decreases in particle size as reflected in 
decreases in m and R, are usually accompanied by 
increases in the particle number density N and hence 

the impact frequency ri. Accordingly the mean surface 
heat transfer coefficient h,, given by equation (24), will 
increase. This relationship can be exhibited by relating 

the mass and radius to the number density and the 
volume fraction of particles 4. Let subscript 1 refer to 
the particles and 2 refer to the surface. Due to the 
large curvature and large volume of the surface com- 
pared to the particles, R = R, and m = m , . Then 

m = $p,R: 

N$cR: = 4 

hence, from equation (24) 

(28) 

(29) 

(30) 

Therefore, h, has a strong dependence on the impact 
velocity. In a random system, with a distribution of 
particle velocities, the impacts with the highest vel- 
ocities make the greatest contribution to heat transfer. 

4.4. Comparisons with data 
At present, there appears to be no heat transfer data 

with sufficiently detailed supporting measurements of 
velocities and other parameters suitable for com- 
parison with the present theory. However, some semi- 
quantitative comparisons can be made with the large 
body of gross heat transfer measurements in sus- 
pension flows, especially fluidized beds. Recent devel- 
opments in particle velocity measurements (Lin et al. 
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[8], Moslemian et al. [9]) with heat transfer measure- 
ments in the same apparatus (Iwashko et al. [6], Mos- 
lemian et al. [lo]) are particularly timely. The 
measurements were taken from a portion of a hori- 
zontal copper cylinder heated by electric power with 
glass particles of radius 250 pm. The particle number 
density is approximately equal to the packing particle 
density and the characteristic velocity of the particles 
in the bed is about 10 cm s- ‘. They showed that the 
heat transfer coefficient inside the bed is of the order 
of300Wm~*K~‘. 

The contact area of particles can be calculated from 
equation (5) for the same conditions used in the 
experiment. The results show that the contact area is 
about 3000 times smaller than the particle cross 
section. The contact duration is about 2.5 x 10e6 s 
which is about 40000 times smaller than the charac- 
teristic time (Ri/cr,) of the glass particle. It is also 
about 2000 times smaller than the characteristic flow 
time of the particles (2R,/u). If the impact velocity 
becomes 10 m s- ‘, the contact area will still be about 
100 times smaller than the cross sectional area and the 
contact duration will be even smaller. This verifies the 
assumption that heat transfer can be considered in 

two infinite media. 
Using equation (24) for the same conditions in the 

experiment, the heat transfer coefficient due to solid 
contact is found to be about 0.2 W m- * K- ‘. This is 
only about 0.1% of the experimentally observed heat 

transfer. This in sharp contrast to the conclusion of 

Schlunder [3], who pointed out that the heat con- 

duction would constitute the major contribution when 

the particles are small. 

On the other hand, the strong dependence of e on 

the conductivity indicate that the mechanism inves- 

tigated here can be quite important in suspensions of 

metallic particles. 

5. CONCLUSIONS 

An analysis for the energy exchange and heat trans- 
fer due to particle impact has been carried out. The 
analysis is based on solutions of the heat conduction 
equation, and represents a quantitative evaluation of 
an effect which previously had only been heuristically 

estimated. The solution is general and can be easily 
applied to a large variety of situations where this 
mechanism may be relevant. The mechanism, 
however, does not appear to be a dominant mech- 
anism in fluidized bed heat transfer under typical con- 
ditions. Its importance is expected to be greater for 
highly conductive particles or for low pressures, where 
the relative contribution of the fluid is smaller. 
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ANALYSE THEORIQUE DU TRANSFERT THERMIQUE DU A L’IMPACT DE 
PARTICULES 

RCsuman analyse T&change de chaleur entre des particules spheriques qui impactent ou entre une 
particule et une surface. Le but de cette etude est d’obtenir une comprehension quantitative de la con- 
tribution conductive directe entre particules et surfaces dans les tcoulements disperses ou les lits fluidises. 
Le mecanisme consider& est la conduction dans le temps avec surface de contact variable pendant l’impac- 
tion. On trouve que le nombre de Fourier d’impact base sur le rayon maximal de faire de contact et la 
duree du contact est inversement proportionnel au nombre de Peclet de la particule et indtpendant des 
proprittes mkaniques. Pour des petits nombres de Fourier, une solution analytique est present&e. Pour 
des grands nombres de Fourier, la solution est obtenue numeriquement et present&e en fonction dun 

facteur de correction a utiliser avec des resultats analytiques. 
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EINE THEORETISCHE BETRACHTUNG DES WARMEUBERGANGS BEIM 
ZUSAMMENSTOSS VON PARTIKELN 

Zusammenfassung-Der Wlrmetibergang zwischen zusammenstogenden kugeligen Partikeln oder zwischen 
einem Partikel und einer Oberflache wird analysiert. Der Zweck dieser Studie ist, ein quantitatives Ver- 
stlndnis iiber den direkten, durch Warmeleitung iibertragenen Anteil am Wirmeiibergang zwischen Par- 
tikeln und Oberflachen in Suspensionsstromungen oder Wirbelschichten zu erhalten. Der untersuchte 
Mechanismus ist die Wlrmeleitung durch die zeitlich verlnderliche Kontaktflache wahrend des 
Zusammenstoges. Es wird gezeigt, dat3 die Fourier-Zahl beim Zusammenstog, gebildet mit dem maxi- 
malen Kontaktfllchenradius und der Kontaktzeit, umgekehrt proportional zur P&let-Zahl der Partikel 
und unabhangig von den mechanischen Eigenschaften ist. Fur kleine Fourier-Zahlen wurde die Losung 
numerisch ermittelt. Sie wird in Form eines Korrektur-Faktors, der zusammen mit den analytischen 

Ergebnissen benutzt wird, angegeben. 

TEOPETHYECKAti AHAJIM3 TEI-IJIOI-IEPEHOCA, BbI3BAHHOFO CTOJIKHOBEHMEM 
sACTHI.J 

AImoTaqnft-ArianwsHpyeTcn TerIJrOO6MeH Mexrny COyAapRtOIAHMHCI C+pH¶eCKHMH SacTHAaMH HAH 
~acrweiiw ~OB~XH~b~.~enbH~neAoBaH~n-~on~eHHeKOnHlIecTB~HHOiio~eHKA IlpKMOrO BKnaAa 

KOHA~KAHH B Tennoo6hfeH Memy YamfuaMH H nosepxrrocrnhm a EOTOK~X cycnexi3di H nCeBAoomi- 

XEHHbIX CnOIIX. i'iCCJIf.?AyeTCK MeXaHH3M TeIUIOIIpOBOAHOCTH 'leptZ3 H3hieHJtlOIAyIOCK BO BpMeHH 

o6Aaclb KOHTaKTa IlpH CTOnKHOBeHHH. nOKa3aH0, ST0 ‘CTOnKHOBUTenbHOe 'IHCJIO @yPbe, o6pa3oBaH- 

HOe n0 MaKCEiMaJlbHOM)'paAHyCy KOHTaKTHOfi o6nacra H BpMeHH KOHTaKTa, o6paTno IlpOlIOpUHOHa- 

nbH0 wicny IleKne H He 3aBHcHT 0T MexamiqecKHx CBO~~TB. Hpencraenerro arianrrrri+ecxoe pe.memre 
Ana bfanblx qrrcen @ypbe.&ui6onburHxvHcen@ypbenonyqeHo rricnemropemeaae, Bblpaxceeeoenepes 

IIOl'IpaBO'IHbIii KO3$~Hl,HeHT,HCl,O,,b3,‘eMbIfi BaHaJIHTEiWCKHXpcZ.3ynbTaTaX. 


